Quantum Clock Synchronisation based on entangled photon pairs transmission 
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We discuss the possibility of synchronising two atomic 
clocks exchanging entangled photon pairs through a quan- 
tum channel. A proposal for implementing practically such a 
scheme is discussed. 

PACS: 03.67.-a, 03.67.Hk, 06.30. Ft, 95.55.Sh, 03.65.-w 

In the last years the study of quantum information has 
led to new perspectives in many different fields, originat- 
ing relevant progresses. 

Recently the concept of qubits and of their manipula- 
tion has been used for describing an atomic clock with 
the purpose of obtaining new improvements of this ap- 
paratus. In particular, the use of entangled atoms has 
been shown to offer the possibility of improving the er- 
rors affecting time determination [y and a new scheme 
for synchronising clocks based on entanglement has been 
presented [^ . For what concerns this last paper, an inter- 
esting way for a perfect synchronisation of atomic clocks 
(in the sense of having a common origin of time count- 
ing) has been proposed, using shared pairs of entangled 
atoms. The main problem of this scheme is the big dif- 
ficulty of sharing a set of entangled atoms between two 
laboratories (in the following we will use for them the 
conventional names Alice and Bob): as far as we know 
no practical way of obtaining such a result has been pro- 
posed. Purpose of this paper is to show how this en- 
tanglement can be created using entangled pairs of pho- 
tons, which are much easier to be transmitted (in effect 
transmissions over more than 30 km have already been 
achieved 0). 

A general definition of a quantum clock is a tensor 
product of identical vectors in a n-dimcnsional Hilbert 
space, which are eigenstates of the Hamiltonian opera- 
tor. At some instant a transformation acts on each vec- 
tor, mapping it in a non-stationary state. A later mea- 
surement allows to extract the standard of time by the 
evolution of the vectors themselves. Ref. Q has shown 
that the measurement precision can be remarkably in- 
creased using as input the product of n eigenvectors of the 
Hamiltonian which are transformed into non-stationary 
non-factorisable entangled states. However, unluckily, in 
the case investigated by ref. ||l[, i.e. for the case of a 
®fe=i*^fe(2) (qubit) transformation, describing a Ramsey 
pulse, on a tensor product of n Hamiltonian eigenvec- 
tors of a d=2 Hilbert space which describes n atoms in 
the lowest energy level, decoherence strongly reduces the 
power of this scheme, or at least complicates its experi- 
mental implementation (for a description of decoherence 
in this case see [H and ref.s therein). It remains opened 



the door for finding new physical systems where evolution 
can be accomplished in a decoherence free subspace g] 
or where open loop decoherence control techniques can 
be implemented |q|, eliminating this problem. 

Let us now review in more detail the Ramsey method 
0, used for realising nowadays atomic clocks, in terms 
of quantum information language. A clock is constructed 
by an ensemble of two- level systems (qubits) , whose tem- 
poral evolution determines the time standard. According 
to the International System of Units (SI), the today def- 
inition of a second is 9192631,770 periods of oscillation 
of the hyperfine transition frequency for the ground-state 
of the ^^'^Cs. Anyway, in principle, any other quantum 
system could be used. 

Let us denote the two hyperfine levels with energy 
eigenvalues Eq < Ei as |0) and |1) respectively. Then, let 
us introduce another basis for the 2 dimensional Hilbert 
space 1+) = ^(|0) + |I)) and |-) = ^^(|0> - |1)). 

The realisation of an atomic clock is based on the fact 
that the states |-|-) and |— ) are not stationary states, but 
evolve as: 
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where D, = uj — ujq is the difference between the applied 
driving frequency uj and the resonance one luq — [Ei — 

Eo)/h. 

At a time t — Q we dispose of a sample of atoms 
in the state |0), then we apply a Ramsey pulse which 
corresponds, in quantum information language, to the 
Hadamard transform ((1/2 + e+ — e_)\/2 in terms of the 
generators of the algebra of sl(2)), which is defined by 
the operations |0) -^ \+) and |1) -^ |— ). This originates 
an ensemble of |-|-) states, which begin to evolve in time. 
After some delay t, a second Hadamard transformation 
is applied. A straightforward calculation shows that the 
probabilities for observing a state |0) or |1) are respec- 
tively given by 



Po(t) = \il 



cos i^t)) . 



A(i) = i(l 
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Incidentally, this simple expression corresponds to the ex- 
act result of a more involved calculation [p| when fi < < 6, 
with b — fj,BB/{2'h) and where B is the amplitude of the 
microwave magnetic flux density applied to the interac- 
tion region. This condition is well satisfied in experimen- 
tal realisations of atomic clocks. 

By monitoring the oscillations of Pi {t) we can identify 
its maximum corresponding to uj ^ luq. Then uj furnishes 
the standard of time. 



Let us now give a summary of the proposal of [|j . Alice 
and Bob share an ensemble of entangled states 
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where the subscripts refer to particles held by Alice and 
Bob. Furthermore, Alice and Bob are able to identify 
the single atoms (for example because each of them is 
confined in a known position in a ions lattice), which are 
labelled by n = 1, 2, 3, . . .. The state (^ does not evolve 
in time for it is invariant for the direct product of the 
two unitary evolution operators of the subsystems A and 
B. 

In order to start the clocks Alice simultaneously mea- 
sures (at t = to) all of her atoms in the basis {|+), |— )} 
inducing the collapses randomly (with equal probability 
1/2) into one of the following states: 



m = \+)a\-)b 

IV'") = \-)a\+)b 
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with equal probability |. Alice's and Bob's clocks begin 
to evolve in time, in accordance with Eq. (|^) - both start- 
ing synchronously at i = to in Alice and Bob's shared 
inertial frame. Indeed Alice's measurement is effectively 
equivalent to the first one-clock Hadamard transform in 
the Ramsey scheme. However the result here is a mixture 
of the two equally weighted sub-ensembles I and II of Eq. 
^. As a result other measurement, Alice knows the labels 
belonging to the subensembles I and II but Bob is unable 
to distinguish them. 

Then, Alice post-selects from her entire ensemble the 
sub-ensemble corresponding to Type-I qubits (for exam- 
ple). Since the qubits are labelled, she can communicate 
to Bob (using a classical channel) which subset of his 
qubits are also Type-I. Bob can thus select his Type-I and 
Type-II subensembles. Selecting the Type-II subensem- 
ble, he will have a clock ensemble exactly in phase with 
a Type-I clock that Alice started at some initial time to. 
Of course some noise due to decoherence effects cannot 
be excluded, leading to a finite precision of the synchroni- 
sation scheme. An accurate study of this effect is beyond 
the purpose of this paper. 

As hinted before, the main difficulty of this scheme 
is that sharing an ensemble of entangled atoms is a ex- 
tremely difffcult task. Practically, there is little hope of 
transporting atoms to a far laboratory keeping them en- 
tangled with atoms in the original lab. 

In order to overcome this severe difSculty one can think 
of using entangled photon pairs in order to establish en- 
tanglement between two distant atoms initially uncorre- 
lated. Furthermore, this procedure allows to create en- 
tanglement every time it is necessary just using a quan- 
tum line. A similar idea has recently been proposed by 
ref. B in order to create a quantum memory based on 



rubidium atoms entangled by use of a quantum trans- 
mission of entangled photons. In the following, we will 
adapt this scheme for synchronisation. 

In the following we focus on the "clock" transition of 
cesium atoms. The scheme consists in transmitting to Al- 
ice and Bob one member of an entangled pair of photons 
both with a wave length of 852.1 nm (which corresponds 
to the D2 transition of cesium) 
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where R and L denotes right and left circular polarisa- 
tion respectively. These entangled pairs can be easily 
generated using parametric down conversion 10|. 

Then Alice and Bob address the received photon on 
a specific atom which is prepared in the ground state 
6^51/2 i^ = 3 (i^ is the total angular momentum of 
the nucleus plus the electronic system) mp = state. 
The photon excites the transition to the states 6^^3/2 
_F = 3 mp = 1 or mp = — 1 according if the received 
photon has a right or left polarisation. Finally, two Ra- 
man TT pulses transfer the state \&^P3/2,F = 3,mp = 1) 
into \6'^Si/2,F ^3,mp ^ 0) and the state \6'^P3/2,F = 
3,mp = —1) into |6^S'i/2,^ = 4:,mp = 0) respectively, 
where the two Zeeman levels are opportunely split thanks 
to an external magnetic field {B). This last step puts the 
atom in a superposition of the 6^Si/2 F = 3 mp = (|0)) 
and F — 4: mp — (|1)); thus the desired entangled state 
(|0)yi|l)B — |1)a|0)_b) of atoms is created. 

The transition between the states 6^S'i/2 F = 3 mp = 
and F = 4 m,p = is known as " clock transition" , 
for it depends only at the second order by the external 
magnetic field {iy[F = 4, mi? = ^ F = 3,mp = 0] = 
vo + 427 • lO^B^) and is thus used as standard for fre- 
quency measurements, i.e. it is the line used in atomic 
clocks. 

Unfortunately, only a (small) fraction of pairs will ef- 
fectively be able to create entanglement, because of large 
losses in transmission. However, Alice and Bob can check 
which atoms have effectively received a photon using a 
slightly more involved scheme. For example, after having 
generated the superposition of the levels 6^P3/2 F — 3 
m,p = 1 and m,p = — 1, they use a first Raman pulse for 
transferring the state 6^P3/2 F — 3 mp = 1 into 6^5*1/2 
F = 3 mp = 1 and the 6^P3/2 F = 3 mp = — 1 into 
6^Si/2 F — 3 mp — —1, which are stable. Then they 
induce a transition from the level 6^51/2 F = 3 mp = 
and observe if the atom fluoresces or not. They will then 
keep all the atom pairs, where both the atoms did not 
fluoresce. Finally they use a second Raman pulse for 
transferring the level 6^51/2 F = 3 m,p = 1 into 6^Si/2 
F = 4 mp = and 6'^Si/2 F = 3 mp = -1 into 6'^Si/2 
F — 3 mp = 0, realising the superposition of Eq. ^. 

It must also be emphasised that it is not important 
that the entangled pairs are created exactly at the same 



time for one can stock them up to when a sufficiently 
large ensemble is obtained and then start the clock by 
Alice measurement. 

The present status of the art of atom trapping is that 
atoms can be confined for more than two minutes in a 
laser trap [O. This lifetime can be increased to some 
hours housing the trap chamber in a helium cryostat. 
Thus the trap time, and hence the decoherence time, 
is already sufficient for implementing the entanglement 
procedure with available technologies. After the entan- 
glement has been realised, the confining lasers must be 
turned off during the clock measurement in order to elim- 
inate light shift effects. Anyway, with nowadays technolo- 
gies, the atoms can be cooled enough that, even after 
having turned off the confining lasers, they remain suf- 
ficiently confined for performing the clock measurement 
for some seconds (however the effect of Raman transition 
on the cooling procedure should be carefully investigated 
for realising a working apparatus.) 

Of course, a similar scheme can be realised for any 
other clock based on atomic transitions of trapped atoms 
and in particular for other alkaline atoms as the rubid- 
ium (where one can use in the previous scheme the levels 
55i/2,i^ = l,2,TOi. = and 5Fi/2,F = 1,2, mp = ±1), 
which have been proposed as frequency standard as well. 

It must also be noticed that what is usually meant for 
synchronisation of two clocks by standard frequency ex- 
perts, it is not the starting of the clocks at the same time, 
but the control of the frequency shift between them. Let 
us now consider how a comparison between the frequen- 
cies of the two clocks could be achieved using the previous 
scheme: 

i) At a first instant to = Alice performs the 
Hadamard transform on a sample of atoms correlated 
with the Bob's ones. Using the method described pre- 
viously this procedure fixes a first common time t^ — Q 
shared between Alice and Bob. 

ii) Alice and Bob measure their respective values of fi 
{U,A and ^B respectively). 

iii) At a time ii = ti/VLa, where n is a sufficiently large 
known number, Alice performs a Hadamard transform on 
a second sample. This allows to synchronise this second 
pair of clocks at time ii. ti = n/flA is then a second time 
known both by Alice and Bob. Bob can then check how 
much tifls differs by n, measuring the frequency shift of 
his clock from Alice's one. 

In practice, Alice can start the second clock when the 
first one is on a maximum of Pi (t) , Bob will be able to 
deduce the frequency shift of his clock respect to Alice's 
one just checking how much his second clock is dephased 
respect to his first clock. 

With this procedure the usual synchronisation between 
two atomic clocks is thus performed. 

Before concluding, let us also mention that the use of 
entanglement of more photons of the form \RRR...) + 
\LLL...) would allow, using the scheme discussed in this 



paper, the creation of entangled states of more atoms of 
the form |000...) + |111...), necessary for the set-up de- 
scribed in |l| for reducing errors in frequency standard 
determination. The creation of states of three polarisa- 
tion entangled photons has already been obtained exper- 
imentally |I3], but with a very low efficiency. However, 
alternative schemes, in principle suitable for higher effi- 
ciency and for entangling more photons, have been pro- 
posed p3|. As far as we know this represents the only 
conceivable scheme, using available technologies, for re- 
alising an entangled state of many cesium atoms. 
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